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A B S T R A C T   

The shape and size of solid fuel particles are significant parameters in combustion process, and have attracted 
broad attentions in simulation and experiment studies. In this study, X-ray computer tomography (XRCT) and 
spherical harmonics (SH) were introduced and combined to conduct accurate morphology characterization of 
micron-sized coal powder in three dimensions (3D) with purpose of providing references for morphology 
characterization, size measurement, and modeling of solid fuel particles. The shape parameters including vol
ume, surface area, sphericity index, specific surface area, enlongation index, and flatness index, and the size 
parameters including diameter of volume equivalent sphere, three principal dimensions, and sieve size, were 
obtained with SH expansion. Validation on standard geometries demonstrated the accuracy of the method under 
the SH degree N ≥ 20, with errors for volume, surface area, and sieve size within 1 %, 3 %, and 2.5 %, 
respectively. These parameters were analyzed statistically to reveal the morphological characteristics of micron- 
sized coal powder. The Zingg diagram indicated that nearly 60 % of the coal powder particles are nearly 
spherical. Comparison among 3D size, 2D size, and sieve size implied that characterizing with 2D size may 
overestimate the fineness of coal powder. Although there was a variance in the particle size distribution, it was 
demonstrated that there exists a strong linear relationship between the 3D size, 2D size, and sieve size. The 
method could serve as a functional auxiliary tool for fuel particle research.   

1. Introduction 

Solid fuels, including coal, biomass, and metal, are dominant energy 
and material sources in various industrial fields and have attracted 
broad attentions. Direct combustion after conversion to fine powder or 
coarse particles is one of the most common utilization of solid fuels. The 
morphological feature of fuel particle plays a critical role on combustion 
process as it influences the heat and mass transfer rate and reaction 
surfaces [1]. Numerous simulations [2–4] and experiments [5–9] have 
been conducted to study the particle shape effects on combustion 
characteristics of single fuel particle or particle clouds. In numerical 
investigations, fuel particles are generally assumed to be spherical [3]. 
Particle shape factor, defined as the ratio of the surface area of an equal- 
volume sphere to the actual surface area of the non-spherical particle, 
has been introduced by Backreedy et.al [10] to allow for the effects of 
irregular shape. Some studies used regular geometries such as cylinder, 
ellipsoid, and disc to represent fuel particles. Bonefacic et.al [4] have 
established a cylindrical particle model in pulverized coal and biomass 

co-firing process, with a better agreement with the experimental data 
than the existing sphere-based models. However, as for experimental 
investigations, fuel particles are qualitatively classified to near-spherical 
and irregular shapes [6,9] by using scanning electron microscope (SEM) 
or two-dimensional (2D) imaging methods. Due to the lack of complete 
three-dimensional (3D) morphology information, quantitative in
vestigations of particle shape effects become a challenge. Schiemann et. 
al [5] have studied the impact of particle shape on the char burning by 
imaging pyrometry, and proposed that 3D particle shape measurement 
should be adopted for a more reliable analysis. Along with combustion, 
particle shapes of solid fuels also influence the flow characteristics in the 
isotropic turbulent flow [11] and pneumatic conveying [12]. 

Fuel particle size and particle size distribution (PSD) are significant 
parameters that are related to particle shape. Due to the irregularity, 
obvious disagreements in particle size distributions using different 
measurement techniques have been observed [13,14], as many tech
niques rely on spherical assumption. A range of methods have been 
utilized to measure PSD of fuel particles, including mechanical sieve, 
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dynamic image analysis, digital holography, and light scattering. Me
chanical sieve, with advantages of low cost and simple operation, is the 
most used method for particle size analysis. In many studies investi
gating the effect of particle size, mechanical sieving is commonly 
employed to divide fuel particles into samples of different particle size 
grades. Mechanical sieving determines the minimum sieve aperture 
through which particles can pass. For a specific individual particle, this 
represents a unique characteristic size. Dynamic imaging and holo
graphic imaging, on the other hand, calculate particle size information 
by recording the two-dimensional projections of particles and utilizing 
image processing algorithms. Based on particle morphology informa
tion, multiple characteristic particle sizes can be derived. The light 
scattering method measures the particle size of spherical particles that 
have an equivalent optical effect to the measured particles. Therefore, 
particle shape has a certain influence on the measurement results. The 
variability in these measurement results adds to the challenge of accu
rately characterizing the particle size distribution of fuel particles. Gil 
et al. [15] characterized the stand sieving method through image pro
cessing for milled biomass particles and their results showed that sieve 
size corresponded mostly with particle width. Trubetskaya et al. [16] 
compared four methods for PSD measurement of biomass particles, 
including 2D dynamic imaging analysis, light microscopy, laser 
diffraction, focused beam reflectance measurement, and sieving. They 
found that the sieving results were in agreement with the 2D dynamic 
imaging which was considered to be the most convenient character
ization method, providing additional information on particle shape, 
whereas the laser diffraction and the focused beam reflectance mea
surement represented a significant disparity. Igathinathane and Ulusoy 
[17–19] have conducted an in-depth investigation on milled coal PSD 
characterization using machine vision, considering the mill type, coal 
type, and PSD model effects. Yang et al. [20] used ellipsoid model to 
process millimeter-size coal fragments and obtain PSD, aiming to pro
vide a fast and precise method. Jin et al. [21] developed a digital ho
lographic system for on-line pulverized coal fineness measurement and 
the maximum inscribed circle diameter was recommended to estimate 
the sieve size. It can be summarized from these existing studies that, 
researchers currently extensively investigate the shape and size char
acteristics of fuel particles based on two-dimensional image features, but 
there is a lack of research on the complete three-dimensional 
morphology of fuel particles. Corrections for differences in particle 
size representation due to particle irregularities (e.g., converting image 
results into sieving results) are typically obtained empirically through 
statistical data, and there is a lack of in-depth research into the re
lationships between different characteristic particle sizes of individual 
particles. 

Thus, quantifying the 3D morphology of fuel particles could be 
conducive to further investigations on physical and chemical charac
teristics, e.g., more accurate shape and size characterization. Common 
methods for measuring the three-dimensional morphology of particles 

include multi-viewpoint imaging, laser scanning, and X-ray computed 
tomography (XRCT). Botlhoko et al. [22] used a three-dimensional to
mography system with seven viewpoints to measure the volume of coal 
particles, combined with mass weighing to obtain particle density, thus 
evaluating their washability. However, this tomography method may 
overlook some surface concave details, leading to errors. Yang et al. [23] 
used a three-dimensional scanner to obtain three-dimensional models of 
anthracite coal particles and gangue particles, and they analyzed the 
three-dimensional morphological parameters. It is worth noting that the 
two methods mentioned are suitable for millimeter-sized large particles, 
and they face significant challenges when it comes to three-dimensional 
characterization of micron-sized small particles. Due to the powerful 
penetrating ability of X-rays, XRCT can provide information about the 
internal and external morphology of materials with resolutions reaching 
the micrometer or even nanometer level, which is far superior to tech
niques like laser 3D scanning [24]. XRCT has found widespread appli
cations in particle morphology characterization in various fields such as 
geomechanics [25–27], construction materials [28,29], and additive 
manufacturing [30]. However, it has seen limited use in the character
ization of micron-sized fuel particles. Spherical harmonic (SH) is a 
powerful method for characterizing the three-dimensional morphology 
of particles, featuring with compact representation, mathematical rigor, 
rotation invariance, and scalability. By converting three-dimensional 
point cloud data of an object into spherical harmonic coefficients, 
these coefficients encapsulate rich information about the object size and 
shape. Furthermore, spherical harmonic coefficients can be conve
niently used to generate virtual particle models of specific shapes [31], 
which can be employed in simulation studies and other research appli
cations [32]. 

The aim of this work is to perform comprehensive 3D shape and size 
quantification of fuel particles using XRCT and SH. Micron-sized coal 
powder obtained from a coal-fired power plant was taken as a research 
object. We firstly introduced sample preparation and 3D point cloud 
acquisition and processing. Then the basic theory and critical recon
struction procedures including parameterization and expansion of SH 
were introduced. Quantified calculation of 3D particle morphological 
properties and sizes with SH analysis was demonstrated. An algorithm 
was proposed to determine the particle sieve size based on the rotation 
invariance of SH. The method was verified by reconstructing several 
standard geometries. The 3D morphology and size of the coal sample 
were reconstructed and analyzed. This study proved that fuel particle 
characterization with XRCT and SH is feasible. 

2. Materials and 3D data acquisition 

2.1. Coal sample preparation 

The micron-sized bituminous coal powder sample used in this study 
was obtained from the coal bunker of ball mill pulverizing system in a 

Fig. 1. Image processing of CT data. (a) Gray-scale slice image. (b) Binarized and segmented image. (c) 3D viewing of a local region.  
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thermal power plant. The coal sample was first dried over a stove to 
avoid particle agglomeration. When preparing the sample for XRCT, 
particle population that can be measured is expected to be as much as 
possible while particle movement to be minimized. Thus the dried 
sample were placed on a block of wax, making coal powder adhering on 
the wax in the rolling process. 

2.2. 3D data acquisition with XRCT 

XRCT was utilized to obtain 3D point cloud data of the coal powder. 
XRCT is capable of reconstructing internal and external morphological 
information of materials, with a high resolution down to sub-micro size, 
due to the strong penetrability of X-ray. The basic process of XRCT in
cludes X-ray transmission and absorption, collection of projection data, 
and back projection and reconstruction. A series of 2D ray pictures are 
recorded at various scanning angles, generally by rotating the object. 
Then the ray pictures are converted to section images with numerical 
reconstruction algorithm. One can retrieve 3D image from these 
sections. 

It is worth noting that XRCT is based on the differential absorption of 
X-rays by materials with different densities. Therefore, this method is 
applicable to different types of coal, requiring only a significant density 
contrast between the material under test and the surrounding medium to 
obtain high-quality 3D voxel data. 

Bruker SkyScan2211, a nano/micro-CT scanning system, was used in 
this study, with voxel size of 1 µm × 1 µm × 1 µm. The reconstructed 
section images were stacked into a 3D matrix, which contains detailed 
structural information of the coal sample. Fig. 1(a) shows one gray-scale 
section image in which density difference between air, wax, and coal 
lead to the brightness and darkness. Then the gray-scale images were 
binarized to extract coal powder, as shown in Fig. 1 (b). Fig. 1 (c) shows 
some 3D particles of a local region. Small particles, with voxel number 
less than 512, were deleted to guarantee sufficient surface point for 
spherical harmonics reconstruction, whilst clean up the unexpected 
voxel noises. Thus, only particles with diameter larger than about 10 µm 
would be analyzed. 

Furthermore, particles that do not constitute Genus-0 closed surfaces 
should be omitted, as they cannot be parameterized using spherical 
harmonics. A Genus-0 surface can be justified by the relation of vertex 
quantity and face quantity after meshing, conforming the formula 

Kv − 0.5Kf = 2, (1) 

where Kv is the number of vertexes and Kf is the number of faces. Non 
Genus-0 particles may have complex topology, such as torus. Generally, 

pulverized particles are considered to be Genus-0. Hence, in this study, a 
few non Genus-0 coal powder were removed before spherical harmonics 
analysis. 

3. Spherical harmonics for particle characterization 

3.1. Basic theory 

The spherical harmonics are a set of special functions defined on the 
surface of a sphere, which form a complete set of orthogonal functions, 
an orthonormal basis in other words. Therefore, any function defined on 
the surface of a sphere can be represented as a series of spherical har
monics. The spherical harmonics can also be regarded as the 3D 
extension of Fourier description method, suitable for modeling the 3D 
surface. One is able to reconstruct and analyze particle morphology after 
obtaining 3D point cloud data by XRCT or laser scan techniques. 

Any surface defined in the spherical coordinates (denoted by 
f : S2→R) can be expanded to spherical harmonics functions 

f (θ,φ) =
∑∞

n=0

∑n

m=− n
am

n Ym
n (θ,φ), (2) 

where f(θ,φ) represents the points coordinates in the surface, 
determined by the polar angles θ and azimuthal angles φ with 
(θ ∈ [0, π],φ ∈ [0,2π]). f(θ,φ) can be the Polar coordinates r(θ,φ) or 
Cartesian coordinates (x(θ,φ), y(θ,φ), z(θ,φ) )T. Ym

n (θ,φ) is the spherical 
harmonics function with degree n and order m. am

n is the corresponding 
spherical harmonics coefficient to be solved. Generally, larger N 
(maximum of n) can induce more accurate reconstruction and finer 
micro-morphology. Indeed, N = 12 is enough to reconstruct a reliable 
result for many applications [33]. 

The spherical harmonics function Ym
n (θ,φ) is given by 

Ym
n (θ,φ) =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
2n + 1(n − m)!

4π(n + m)!

√

Pm
n (cosθ)eimφ, (3) 

where i =
̅̅̅̅̅̅̅
− 1

√
and Pm

n (cosθ) is the associated Legendre function 
with degree n and order m, defined as 

Pm
n (x) = ( − 1)m( 1 − x2)m

2 dm

dxmPn(x), (4) 

where Pn(x) is the Legendre polynomial of degree n. 
As mentioned above, Polar coordinates and Cartesian coordinates 

are two types of representation for SH expansion. SH expansion based on 
Polar coordinates can only process star-shaped objects, while the second 
method is more versatile for not only star-shaped objects but also objects 
with more complex structure, e.g. concave surfaces. In this study, SH 
expansion based on Cartesian coordinates is used to ensure the gener
ality of the method. For non-star-shaped particles, where the polar and 
azimuthal angles are not uniquely associated with the radial distance, it 
is necessary to perform spherical parameterization of the particle sur
face. This involves mapping each point on the particle surface to a 
corresponding point on the unit sphere surface. As shown in Fig. 2, point 
P on a particle surface is mapped to point Q of the unit sphere. Spherical 
parameterization, spherical harmonics expansion, and morphological 
analysis are basic procedures for particle characterization and are 
introduced in the following sections. 

3.2. Spherical parameterization 

Spherical parameterization aims to create a continuous and uniform 
mapping from the object surface to the surface of a unit sphere. A 
minimization of length distortion, angle distortion, and area distortion 
are required for a good mapping [34]. Numerous researchers have 
proposed various methods for spherical parameterization. Shen and 
Makedon [34] have developed a CALD (control of area and length 

Fig. 2. Mapping of surface points on particles to the unit sphere.  
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distortions) algorithm, which is embedded in their SHARM-MAT, a 
Matlab based and widely used toolkit. Hu et al. [35] proposed a prac
tically robust method AHSP (advanced hierarchical spherical parame
terization) to compute high-quality spherical parameterization with 
bijection and low isometric distortion, which has been used in solid 
waste shape description [36]. Choi et al. [37] proposed a fast algorithm 
called FLASH to compute the optimized spherical harmonic parame
terization with consistent landmark alignment. It should be noted that 
the aforementioned parameterization methods are only applicable to 
Genus-0 surfaces. FLASH was adopted in this study. The quality of 
mapping in spherical parameterization can be evaluated by the length 
distortion, angle distortion, and area distortion. After mapping the set of 
surface points V on particles to the unit sphere, a one-to-one corre
spondence is established between the coordinates of points on the par
ticle surface and the polar angle θ and azimuthal angle φ in the spherical 
coordinate system. 

v(θ,φ) = (x(θ,φ), y(θ,φ), z(θ,φ) )T
. (5)  

3.3. Spherical harmonic expansion 

The purpose of spherical harmonic expansion is to determine the 
spherical harmonic coefficients am

n , which encapsulate all the informa
tion about particle morphology. After parameterization, x, y and z co
ordinates of each point on the particle surface are expressed as an 
expansion of the spherical harmonic series 
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

x(θ,φ) =
∑N

n=0

∑n

m=− n
am

nxY
m
n (θ,φ)

y(θ,φ) =
∑N

n=0

∑n

m=− n
am

nyY
m
n (θ,φ)

z(θ,φ) =
∑N

n=0

∑n

m=− n
am

nzY
m
n (θ,φ)

. (6) 

The above equations can be expressed in vector form as follows 

v(θ,φ) =
∑N

n=0

∑n

m=− n
am

n Ym
n (θ,φ), (7) 

where am
n =

(
am

nx, am
ny, am

nz

)T
. Substituting all the parameterized sur

face point coordinates into the above equation yields the expression in 
matrix form [38] 

⎛

⎜
⎜
⎝

x1 y1 z1
x2 y2 z2
⋮ ⋮ ⋮
xK yK zK

⎞

⎟
⎟
⎠ =

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎝

Y1
1 Y2

1 ⋯ Y (N+1)2

1

Y1
2 Y2

2 ⋯ Y (N+1)2

2

⋮ ⋮ ⋮ ⋮
Y1

K Y2
K ⋯ Y (N+1)2

K

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎠

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎝

a1
x a1

y a1
z

a2
x a2

y a2
z

⋮ ⋮ ⋮
a(N+1)2

x a(N+1)2

y a(N+1)2

z

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎠

,

(8) 

where K is the total number of the points. When the highest degree is 
N, the total number of each component of SH coefficient am

n is (N + 1)2. 
[
Y1

i ,Y2
i , ...,Y

(N+1)2
i

]
is a one dimensional array, reshaped by 

[
Ym

n (θi,φi)
]
. 

Moreover, Eq. (8) can be written as the following linear relation 

YA = V. (9) 

Matrix A can be solved by singular value decomposition (SVD) as 

A =
(
YT Y

)− 1YT V. (10) 

Alternatively, the solution can also be obtained directly by matrix 
left division 

A = Y/V. (11) 

Both of the two methods can be easily implemented in Matlab. Note 
that for the computation of spherical harmonic coefficients in terms of 
radial distance, Gaussian quadrature methods can also be employed in 
addition to the methods mentioned above [33]. Eq. (8) has only solution 
when K ≥ (N + 1)2. In general, the number of parameterized surface 

Fig. 3. Flowchart of determining particle sieve size.  
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points is often sufficiently large to satisfy the solving requirements. 
Thus, the upper limit of N is 

[ ̅̅̅̅
K

√
− 1

]
where represents the round down 

symbol. 

3.4. Morphological analysis 

Upon acquisition of spherical harmonic coefficients, the recon
struction and analysis of three-dimensional morphological properties of 
coal powder become achievable. The vector representing the recon
structed surface point to the particle centroid can be expressed as 

S→= v(θ,φ)T
− v0(θ,φ)T

, (12) 

where v0(θ,φ)T is the particle centroid, obtained from the 0 degree 
(N = 0) expansion. Drawing upon classical differential geometry prin
ciples, one can employ partial derivatives of surface functions to 
compute morphological parameters [39]. The surface normal vector is 
expressed as 

n̂ =
Sθ
→

× Sφ
̅→

⃒
⃒
⃒Sθ
→

× Sφ
̅→

⃒
⃒
⃒
, (13) 

where Sθ
→ and Sφ

̅→ are the partial derivatives of S→ with respect to θ 
and φ 

S→θ =
∑N

n=0

∑n

m=− n
am

n
∂Ym

n (θ,φ)
∂θ

, (14)  

S→φ =
∑N

n=0

∑n

m=− n
am

n
∂Ym

n (θ,φ)
∂φ

. (15) 

The second partial derivatives of S→ are similar. Both of the first and 
second partial derivatives can be computed using the recursion method 
[40]. 

The total particle surface area is given by 

A =

∫ 2π

0

∫ π

0

⃒
⃒
⃒Sθ
→

× Sφ
̅→

⃒
⃒
⃒dθdφ. (16) 

The total particle volume is given by 

V =
1
3

∫ 2π

0

∫ π

0

(
S→⋅n̂

)⃒
⃒
⃒Sθ
→

× Sφ
̅→

⃒
⃒
⃒dθdφ. (17) 

The diameter of volume equivalent sphere Dves is calculated as 

Dves =

̅̅̅̅̅̅
6V
π

3

√

. (18) 

Furthermore, the sphericity index (SI) of the particle can be calcu
lated from the volume and surface area results as 

SI =
̅̅̅̅̅̅̅̅̅̅̅̅̅
36πV23

√

A
. (19) 

The specific surface area (SSA) is also a important parameter for fuel 
particle, defined as the ratio of particle surface area and volume 

SSA =
A
V
. (20) 

Three principal dimensions, that is, the long axis L, the intermediate 
axis W, and the short axis T, are significant to evaluate irregular particle 
form. Through principal component analysis (PCA), once the three 
principal directions of the particle are determined, the particle can be 
rotated such that each principal axis aligns with one of the Cartesian 
coordinate axes. The difference between the maximum and minimum 
coordinate values along each direction represents the main scale for that 
direction. Ordering these three main scales from largest to smallest re
sults in the major axis, intermediate axis, and minor axis of the particle 
[41]. The enlongation index (EI) and flatness index (FI) are two aspect 
ratios proposed by Zingg [42] to describe and classify irregular particle 
shape. The enlongation index and flatness index are defined as 

EI = W/L, (21)  

FI = T/W, (22) 

The two indexes range from 0 to 1. The particle become more 
compact when EI and FI approach 1. 

Mechanical sieving, as a simple and low-cost method for particle size 
analysis, has been used widely in laboratory and industrial process. The 
sieve size is also a noteworthy parameter in particle characterization. 
However, it is difficult to determine using other methods except the 
physical sieving process. Rotation invariant spherical harmonic repre
sentation provides an effective solution. This approach enables the 
analysis of irregular particle sizes for each reconstructed particle, 
facilitating the examination of correlations between sieve sizes and 
various size or shape parameters. 

Fig. 4. (a) L-shaped particle in a particular orientation cannot pass through the 
sieve aperture. (b) Particle in a certain orientation can partially pass through 
the sieve aperture. Simultaneously, by adjusting their orientation through 
rotation, they can transition through the sieve aperture. 
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This paper has proposed a algorithm to determine particle sieve size 
based on SH reconstruction. The algorithm flowchart is shown in Fig. 3. 
In real sieving process, an irregular particle passes through the sieve 
mesh by precision, rotation, and translation [21]. The sieve size Ds is 
defined as the edge length of the smallest quadratic aperture, through 
which the particle can pass in one direction at least [43]. Throughout 
this process, particles exhibit a series of orientations, each of which 
corresponds to a sieve aperture size that allows the particle to pass 
through. The smallest sieve aperture size among these orientations is the 
particle sieve size, which represents the effective size during sieving. 
This algorithm is based on simulating this physical process to determine 

the sieve size. However, it is important to note that this method sim
plifies complex sieving processes. It assumes that particles can only pass 
through the sieve aperture by translating downward in a specific 
orientation, without simultaneous translational and rotational adjust
ments. This is because the dynamic process involving both translation 
and rotation is intricate and challenging to accurately describe. This 
assumption can be illustrated by considering the L-shaped particle 
passing through the sieve aperture in Fig. 4. In Fig. 4 (a), the L-shaped 
particle can only pass through the sieve aperture in a specific orienta
tion. Due to its overall size being larger than the sieve opening, it cannot 
pass through regardless of its orientation. However, if it dynamically 

Fig. 5. Reconstructed shape of cube, cylinder, and ellipsoid under various degrees N.  

Fig. 6. (a) Volume, (b) surface area, and (c) sieve size error of the three reconstructed standard geometries.  

Fig. 7. Reconstructed shapes of a coal particle under various degrees N.  
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adjusts its orientation as shown in Fig. 4 (b), with a portion of the par
ticle passing through the sieve aperture while undergoing a rotational 
adjustment, it can eventually pass through. Nevertheless, this process is 
highly dependent on the specific morphology of the particle and in
volves a complex model that is difficult to implement. Furthermore, 
most industrial powders are not of this bent bar-like structure but are 
predominantly close to spherical or convex particles. Simplifications of 
the sieving process can be applied for most cases except for certain 
biomass or fiber particles. 

The core idea of this algorithm involves rotating the particle at 
different angles (around the x,y, and z axis). The particle morphology at 
each angle corresponds to a particle sieve size, with the minimum value 
being the 3D sieve size. The sieve size at each angle corresponds to the 
minimum bounding square of the two-dimensional projection, which 
can be obtained through the minimum bounding rectangle (MBR). Due 
to the rotational invariance of SH, rotating a particle in 3D involves 
multiplying its SH coefficients by a rotation matrix, eliminating the need 
to transform the coordinates of the 3D point cloud. The rotation matrices 
for rotation around the x,y, and z axis are as follows 

Rx =

⎛

⎜
⎜
⎝

1 0 0

0 cosα − sinα

0 sinα cosα

⎞

⎟
⎟
⎠

Ry =

⎛

⎜
⎜
⎝

cosβ 0 sinβ

0 1 0

− sinβ 0 cosβ

⎞

⎟
⎟
⎠.

Rz =

⎛

⎜
⎜
⎝

cosγ − sinγ 0

sinγ cosγ 0

0 0 1

⎞

⎟
⎟
⎠

(23) 

The overall rotation matrix is the product of these three individual 
rotation matrices 

R = Rx⋅Ry⋅Rz. (24) 

The spherical harmonics coefficients bm
n after rotation is expressed as 

bm
n = am

n ⋅R. (25) 

Rotated particle can be reconstructed using bm
n . Considering the 

symmetry, setting rotation angles in the range of 0 to 90 degrees is 
sufficient. For instance, if an angle is taken every 3 degrees, there would 
be 30 angles for each coordinate axis. This results in a total of 30 × 30 ×
30 = 27,000 angle combinations, requiring 27,000 rotations in total. 
Indeed, through comparison, we found that the angle interval has a 
minor impact on the sieve size results (within 1 %). To improve 
computational speed, larger angle intervals can be employed. We denote 
the total number of rotations as Kr3d. Smaller angle intervals yield more 
accurate results, but computation time will significantly increase. 

Then the rotated particle is projected to x-y plane and the sieve size 
of the 2D projection is obtained. Using the boundary function in MAT
LAB, one can obtain a two-dimensional projection of 3D data. However, 
the obtained data might not be in integer points, so an interpolation 
method is used to convert the 2D projection into an image, enabling 
subsequent image processing operations. The sieve size of the 2D pro
jection is determined by the minimum bounding rectangle obtained 
through rotation, where rotations are performed by rotating the pro
jection around its geometric center in a clockwise manner. The rotation 
angle range is also 0 to 90 degrees, and the total number of rotations is 

Fig. 8. Volume, surface area and sieve size errors of a coal powder.  

Fig. 9. Several reconstructed coal particles.  

Q. Jin et al.                                                                                                                                                                                                                                      



Fuel 366 (2024) 131337

8

denoted as Mr2d. After each rotation, the length Lj of the bounding 
rectangle is obtained, and the minimum of Lj across all rotations rep
resents the sieve size di of the 2D projection. The smallest di among all 
2D projections can be considered the 3D sieve size Ds. 

3.5. Method validation 

Three standard geometries including a cube, cylinder, and ellipsoid 
were generated numerically to validate the accuracy of SH method for 
particle characterization. By comparing the theoretical volume and 
surface area to the reconstructed values with SH, one can assess the 
errors under various spherical harmonic degrees N. The side length of 
the cube was 50. The bottom radius and height of the cylinder were 40 
and 100. Three half axis lengths of the ellipsoid were 100, 40, and 25, 
respectively. Volumes and surface areas of the geometries can be 
calculated by theoretical formula or approximate formula (for ellipsoid). 

Fig. 5 depicts reconstructed morphology of the cube, cylinder, and 
ellipsoid under various degrees N. It is obvious that, as N increases, the 
reconstructed shape becomes increasingly similar to the true shape. 
When N reaches 30, the reconstructed shape closely aligns with the true 
shape, achieving a nearly identical match. Reconstructed volume and 
surface area at different SH degrees N were calculated according to Eq. 
(16) and Eq. (17), and the relative errors were evaluated, as shown in 
Fig. 6(a) and (b). As N increases, the reconstruction volume error con
verges rapidly, especially for cube and cylinder shapes. At around N =
10, the volume reconstruction error is already below 0.6 %, while for 
ellipsoid shapes, achieving a similar accuracy requires an N of around 20 
or more. Surface area reconstruction error is significantly larger 
compared to volume and converges more slowly. The convergence trend 
for all three geometric shapes is similar. At around N = 20, the surface 
area reconstruction error for all three shapes is less than 3 %. It is worth 
noting that for cylinder and ellipsoid shapes, the surface area 

reconstruction error does not fully converge to 0 when N is greater than 
30. Instead, it slightly increases. However, until N = 50, the error re
mains within ± 2 %. The errors of sieve size are shown in Fig. 6(c) which 
are less than 2.5 % when N ≥ 20. Considering the accuracy of both 
volume and surface area along with computational speed, this study 
selects an N value of 20 for the highest degree of spherical harmonic 
reconstruction. 

4. Results and discussions 

Fig. 7 shows the reconstructed shapes of a typical coal particle under 
different degrees N. It is clear that the microscopic surface morphology 
of particles is more comprehensively represented, as the degree of 
spherical harmonics increases. For comparison, image-based particle 
volume and surface area were also obtained using bwconncomp and 
regionprops3 functions. The relative errors between the SH-based and 
image-based results are plotted in Fig. 8. Similar to the results for regular 
geometric shapes, the volume reconstruction accuracy is higher than the 
surface area accuracy. With a reconstruction degree of N = 20, the 
relative errors for volume and surface area are 0.85 % and − 3.36 %, 
respectively. The change in the sieve size across different SH degrees is 
minimal, almost within 1 %. 

Furthermore, 1709 valid coal particles were reconstructed and 
analyzed. Fig. 9 displays the reconstructed shapes of some coal powder 
particles. The morphology of coal powder particles varies widely, 
ranging from nearly spherical to rod-like or flattened shapes. Some coal 
powder particles exhibit intricate surface features, including several 
concavities. It is evident that coal powder particles possess complex and 
diverse morphologies, characterized by extreme irregularity. This 
complexity presents challenges in accurately and effectively measuring 
their particle size. 

Fig. 10. Quantity distributions of (a) Dves, (b) T, (c) W, and (d) L.  
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4.1. Size analysis 

Fig. 10 shows the quantity distributions of Dves, T, W, and L. Coal 
particles with diameter ranging from 10 µm to 20 µm occupied over 80 
%. Particle size distribution results of the coal powder sample obtained 
using the developed digital holographic particle analyzer (DHPA) [44] 
indicated that the proportion in the range of 10–20 µm is also the 

highest, reaching 43 %. 
The peak sizes of T, W, and L were about 10–15 µm, 15–20 µm, and 

15–25 µm, respectively. Furthermore, relative relation of the diameter of 
volume equivalent sphere and the three principal dimensions was 
analyzed. It was found that the average values of size ratios Dves/T, 
Dves/W, and Dves/L were 1.23, 0.86, and 0.70, indicating that Dves was 
closer to the intermediate axis. 

4.2. Shape analysis 

Fig. 11 shows the quantity distributions of SI, SSA, EI, and FI. The 
results indicate that most coal powder particles have SI ranging from 0.7 
to 0.9, SSA predominantly falling in the range of 0.4 µm− 1 to 0.6 µm− 1, 
EI generally exceeding 0.7, and FI distributed fairly evenly in the range 
of 0.5 to 1.0. The average SI is 0.76 which is consistent with the 
approximate range of coal particle sphericity reported in the literature 
[45], although the literature typically employs two-dimensional mea
surement methods. The average SSA is 0.51 µm− 1. If the particles were 
all spherical, the average SSA would be 0.37 µm− 1 theoretically. The 
average EI is 0.82, and the average FI is 0.73. Based on the EI and FI, 
particle shapes can be classified using a Zingg diagram, as shown in 
Fig. 12. It is demonstrated that most coal powder particles are either 
nearly spherical (more than 60 %) or oblated. This suggests that ellip
soids or flat spheroids could be employed for modeling coal powder 
particles in studies related to combustion and similar research areas. 

4.3. 3D sieving 

The reconstructed coal particles were sieved digitally with the pro
posed method to determine the 3D sieve size based on spherical har
monics. Fig. 13 depicts detailed procedures of 3D digital sieving. Firstly, 
3D particle shape was reconstructed by SH as shown in Fig. 13(a). The 

Fig. 11. Quantity distributions of (a) SI, (b) SSA, (c) EI, and (d) FI.  

Fig. 12. Shape classification of measured coal powder in Zingg diagram.  
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images in Fig. 13(b) are the 2D projections of the rotated particle. Fig. 13 
(c) depicts how a 2D sieve size of a projection is determined by searching 
the minimum length of the bounding squares (Fig. 13(d)). Ultimately, 
the minimum of the 2D sieve sizes was regarded as the 3D sieve size 
(Fig. 13(e)). 

The quantity distribution of the 3D sieve size Ds (Fig. 14) was closely 
aligned with the distribution of Dves in Fig. 10(a). In order to investigate 
the relationships between Ds and Dves of particles with different shapes, 
we took the ratio Ds/Dves as an indicator. Fig. 14(b), (c), and (d) illustrate 
the influences of SI, EI, and FI$ on Ds/Dves, respectively. The results 
reveal that there appears to be a stronger correlation between SI and EI 
with Ds/Dves. Fig. 14(b) shows that Ds/Dves concentrates between 0.8 and 
1.2 when SI > 0.5. 

4.4. Comparison of 3D and 2D measurements 

The current commonly used particle analysis techniques can be 
classified into two categories. The first category, based on the assump
tion of spherical particle, including such as laser diffraction, sedimen
tation, and sieving, cannot measure particle shape directly, and the 
results are influenced by shape. The second category, such as dynamic 
image analysis, scanning electron microscopy, and holographic imaging, 
directly captures actual particle images but is limited to 2D projection 
images. For spherical particles, 2D projections can reflect the true par
ticle size. However, for non-spherical particles, results based on 2D 
projection images may vary with different projection angles. These 
methods yield different particle size and shape results due to differences 
in technical principles. Thus, particle characterization may be ambig
uous without a comparison with the actual particle size distribution and 
morphology obtained from standard techniques. 

It is assumed that 2D projection images recorded at different angle of 
view are equally probable, when using 2D imaging methods such as 
digital holography (DH) and digital imaging analysis (DIA). Hence we 
can use the average projections of a rotated particle at various angles 
introduced in Section 3.4 to represent the expected 2D measurement. 
The diameter of area equivalent circle Daec represents the measured 
particle size by 2D imaging methods. We analyzed the correlations be
tween Ds and Daec and Dves. Linear regressions were performed on the 
scatter plots of Ds versus Dves and Ds versus Daec in Fig. 15, and linear 
correlations can be clearly observed. Taken as a whole, the equivalent 
volume sphere particle size appears to be smaller than the sieve size, 
while the equivalent projection area circle diameter appears to be larger 
than the sieve particle size. The volume-based size distributions of Ds, 
Dves and Daec are plotted in Fig. 16. The statistical analysis demonstrated 
that, volume fraction of large particles will be overestimated with Daec. 
In terms of coal fineness, which is defined by the sieving method and 
denoted by R90 (mass proportion of particles larger than 90 µm) in coal- 
fired power plant, fineness result based on Ds, Dves and Daec were 10.25 
%, 11.47 %, and 13.93 %, respectively. 

5. Conclusions 

Accurate morphology characterization of fuel particles plays a sig
nificant role in fuel processing, conversion, and combustion studies. 
Particle shape, particularly in three dimensions, can serve as valuable 
guidance for the measurement of particle size distribution. In this work, 
3D morphology of micron-sized pulverized coal, a typical solid fuel, was 
characterized with XRCT and SH. The main conclusions are summarized 
as follows. 

Fig. 13. Determination of 3D sieve size based on spherical harmonics. (a) A reconstructed coal particle. (b) 2D projections after rotations. (c) Determination of 2D 
sieve size by rotating the projections and searching the minimum bounding rectangle. (d) Lengths of the minimum bounding rectangles in the 2D rotation sequence. 
(e) 2D sieve size in the 3D rotation sequence. 
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• The fundamental principles and algorithms of particle 3D 
morphology characterization based on XRCT and SH were outlined. 
An algorithm based on the rotation invariance of SH for determining 
the actual sieve size of irregular particles was proposed. The accu
racy of the method was validated using standard geometries. The 
volume errors, surface area errors, and sieve size errors were within 
1 %, 3 %, and 2.5 %, respectively, when the SH degree N ≥ 20.  

• A micron-sized coal powder sample was characterized with XRCT 
and SH. With a reconstruction degree of N = 20, the relative errors 
for volume and surface area were 0.85 % and − 3.36 %, respectively, 
which verified the reliability of the method for reconstructing coal 
powder. Most of the particles exhibited sphericities within the range 
of 0.7 to 0.9, and the specific surface area primarily fell within the 
range of 0.4 µm− 1 to 0.6 µm− 1. The Zingg diagram for particle shape 
classification indicated that the majority of coal powder particles 
were either nearly spherical or oblated. 

Fig. 14. (a) Quantity distribution of Ds. Relationships between Ds / Dves and (b) SI, (c) EI, and (d) FI.  

Fig. 15. The relationship between 3D sieve size Ds and Dves and Daec.  

Fig. 16. Comparison of volume based particle size distribution of Ds, Dves, 
and Daec. 
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• When comparing the average result of 2D particle size using equi
probable projections with the actual 3D particle size, it was observed 
that, overall, Dves was smaller than Ds, while the Daec was larger than 
Ds. The coal powder fineness measured based on Daec was the highest. 
The Daec of 2D projection was approximately 1.12 times more than 
Dves. The results indicated that coal powder fineness measurement 
based on 2D projections may overestimate the fineness. 
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