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A B S T R A C T

The determination of the minimum particle number needed to meet error specifications and confidence levels
poses a fundamental challenge in particle size analysis. Conventional models, primarily designed for log-normal
distributions, may yield inaccuracies when applied to other distribution functions. This study introduces a
numerical approach to explore the necessary sample size for measuring different types of mean diameters. The
methodology involves distribution conversion, sample generation, repeated sampling, and error estimation.
Specifically, Gates–Gaudin–Schuhmann (GGS) and Rosin–Rammler (RR) distributions serve as representative
models in this investigation. The impact of sample size, span ratio, and boundary sizes on relative errors is
examined. Additionally, an empirical model is formulated, simplifying the calculation of the requisite sample
size when the relative error and mass-based span ratio are provided. The proposed method is also verified
using experimental particle size data that follow the RR distribution.
. Introduction

Particle size distribution (PSD) and mean size are among the most
undamental and critical characteristic parameters of particulate mat-
er [1]. Reliable characterization and measurement of particle size are
ndispensable processes in many scientific researches and industrial
roductions. Sampling is the first step in particle characterization,
imed at obtaining small samples that effectively represent the physical
nd chemical properties of the entire bulk [2]. However, sampling
rrors are often underestimated or even ignored. These errors include
undamental errors and segregation errors [3]. The fundamental error
s related to the discrete nature of the particles and determines the
inimum amount of sample required for accurate characterization.
herefore, to ensure measurement reliability, a key issue is determining
he appropriate sample size. This is particularly important in image-
ased particle measurement techniques, as it can guide the balance
etween accuracy and measurement cost [4,5]. In applications of online
article monitoring, understanding the required minimum sample size
lso helps improve the time resolution capability of the measurement
ystem [6,7].

Regarding the issue of particle sample size, existing research mainly
nfolds through three dimensions including theoretical derivation, sim-
lation study, and experimental data analysis. Masuda and Iinoya [8]
ave studied the sample size problem theoretically and derived the
elationship between particle number required and relative error under

∗ Corresponding author at: State Key Laboratory of Clean Energy Utilization, Zhejiang University, Hangzhou 310027, China.
E-mail address: wuxch@zju.edu.cn (X. Wu).

a given confidence level, based on utilization of the distribution width.
They used standard deviation of distribution to represent the distribu-
tion width which is called span ratio in this work. Their theory has been
confirmed by computer simulation [9] and adopted by the ISO guidance
(ISO 13322-1:2014) for static image analysis [10]. However, Masuda’s
theory has several limitations. (1) The particle size distribution should
follow an idealized number-weighted log-normal distribution (LND).
(2) It is applicable only to single-component particle systems. (3) The
geometric standard deviation of the distribution should be less than
1.6 [11]. (4) It can only resolve the uncertainty level of mean particle
size. There have been a number of reported approaches to address these
limitations.

Assumption of LND may lead to a misleading sample size evaluation
may be introduced when dealing with skewed or multi-modal distri-
butions [5]. In fact, many materials do not adhere to the idealized
log-normal distribution but have upper and lower bounds or follow
other distributions such as Gates–Gaudin–Schuhmann (GGS) or Rosin-
Rammler (RR) [12,13] distributions. Additionally, in some cases, PSDs
may not conform to any distribution function. Yoshida et al. [14]
have proposed a new theoretical equation to calculate fundamental
uncertainty region based upon a LND truncated by the maximum and
minimum size. In their further work [15,16], Tschebyscheff theory
was introduced to determine the uncertainty region of poly-disperse
ttps://doi.org/10.1016/j.measurement.2024.115291
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Nomenclature

𝛿 Relative error at 95% confidence level
𝛤 Upper incomplete gamma function
𝜆 Scale parameter of distribution function
𝜎 Standard deviation
𝜎m Mass-based span ratio
𝜎n Number-based span ratio
2𝐹1 Hypergeometric function
𝑏 Coefficient of linear regression
𝐷32 Sauter diameter
𝐷m50 Mass median diameter
𝐷m Mass mean diameter
𝐷n50 Number median diameter
𝐷n Number mean diameter
𝑒 Relative error in a sampling
𝐹m Mass-weighted cumulative distribution

function
𝑓m Mass-weighted probability density function
𝐹n Number-weighted cumulative distribution

function
𝑓n Number-weighted probability density func-

tion
𝑘 Coefficient of linear regression
𝑁 Sample size
𝑛 Spread parameter of distribution function
𝑃 Polynomial function
𝑅2 Correlation coefficient
𝑥 Particle size
𝑥𝑚𝑎𝑥 Upper bound of particle size
𝑥𝑚𝑖𝑛 Lower bound of particle size
𝑠𝑖𝑚 Simulation results
𝑡ℎ𝑒 Theoretical results
ARM Acceptance-rejection method
CDF Cumulative distribution function
GGS Gates–Gaudin–Schuhmann distribution
ITM Inverse transform method
LND Log normal distribution
PA Pareto distribution
PDF Probability density function
PSD Particle size distribution
RR Rosin-Rammler distribution

particles and a picket-fence distribution composed of two kinds of
nearly mono-disperse particles. Moreover, Yoshida et al. [17] proposed
a theoretical equation of uncertainty region over all particle diameter
range on the basis of Masuda’s theory. Endo [18] provided a theoretical
solution for estimating the confidence intervals for geometric mean
size and geometric standard deviation. A theoretical evaluation of the
uncertainty of percentile values for number weighted distribution data
was introduced by Matsuyama [19].

For particle system following GGS, RR, or other distributions in
which theoretical derivation of the confidence level could be difficult.
Computer simulations can be used to obtain quantitative relationships
between the sample size and errors, and to fit empirical formulas
ultimately [11,20]. Paine [20] developed empirical formulate for the
critical number of particles which must be counted to prevent the error
from blowing up through simulations based on LND. Camalan [21]
conducted simulations by create particle population from GGS model
and used Kolmogorov–Smirnov and Chi-Square Goodness-of-Fit tests to
2 
compare the population and its samples. As for experimental data ob-
tained by specific measurement technique, PSD may not conform to any
specific distribution function. In such cases, non-parametric statistical
analysis is commonly utilized for assessing uncertainty and determining
the required sample size [4]. The bootstrap method, featuring with non-
parametric, flexibility, and simplicity, is a statistic method to evaluate
confidence level of statistical quantities. Applications of the bootstrap
method for uncertainty and required sample size estimation have been
reported in early studies [5,22–24]. Although many efforts have been
taken to solve the particle sample size problem, any theoretical or
empirical relationships between the sample size and errors have not
yet been established for GGS and RR distributions.

The aim of this work is to establish a relationship between the
relative error of various mean diameters and the sample size at a
specific confidence level. A simulation approach is developed to gener-
ate particle populations following the expected distribution functions,
particle sampling, and error estimation. GGS and RR are taken as two
examples and empirical equations are proposed.

2. Numerical methods

Fig. 1 illustrates the simulation procedure. In industrial production
processes, particles are generally abundant. However, when measuring
particle size, a small number of samples are often obtained through
sampling to represent the overall particle size. Therefore, it can be
approximated as sampling from an infinitely large particle population.
To simulate this process, a large number of random numbers follow-
ing a certain distribution are first generated as the total sample of
particles to be measured. Subsequently, a random sampling approach
is employed to obtain a small sample from the particle population.
In simulations, particles are assumed to be homogeneous, spherical,
and solid. Numerical simulations are conducted on Matlab (Version
R2021b).

2.1. Conversion of distribution functions

In the study conducted by Masuda and Iinoya [8], the relation be-
tween the particle sample size 𝑁 , the relative error 𝛿, and the standard
deviation 𝜎 was determined theoretically based upon an assumption
of log normal distribution which is number-weighted. However, many
kinds of particle, probably produced by breakage or pulverization,
are commonly characterized with sieving analysis in which the mass-
weighted cumulative distributions are obtained. Camalan [25] has
deduced the conversion method to convert mass-weighted distribu-
tions to their number-weighted equivalents, including Gates–Gaudin–
Schuhmann, Pareto (PA), and Rosin-Rammler distributions. In this
work, doubly-truncated GGS and RR distributions with a lower bound
𝑥min and an upper bound 𝑥max are investigated and the cumulative dis-
tribution functions (CDF) and the probability density functions (PDF)
are expressed as the following equations.

For GGS distribution,

𝐹m(𝑥) =
(

𝑥 − 𝑥min
𝑥max − 𝑥min

)𝑛
(1)

𝑓m(𝑥) =
𝑛
(

𝑥 − 𝑥min
)𝑛−1

(

𝑥max − 𝑥min
)𝑛 (2)

𝐹n(𝑥) =
2𝐹1

(

3, 𝑛; 1 + 𝑛;
(

𝑥min−𝑥
𝑥min

))

(

𝑥 − 𝑥min
)𝑛

2𝐹1

(

3, 𝑛; 1 + 𝑛;
(

𝑥min−𝑥max
𝑥min

))

(

𝑥max − 𝑥min
)𝑛

(3)

𝑓n(𝑥) =
𝑛𝑥3min

(

𝑥 − 𝑥min
)𝑛−1 𝑥−3

2𝐹1

(

3, 𝑛; 1 + 𝑛;
(

𝑥min−𝑥max
𝑥min

))

(

𝑥max − 𝑥min
)𝑛

(4)

For RR distribution,

𝐹m(𝑥) =
exp

(

−
(

𝑥min
𝜆

)𝑛)
− exp

(

−
(

𝑥
𝜆

)𝑛)

exp
(

−
(

𝑥min
)𝑛)

− exp
(

−
(

𝑥max
)𝑛) (5)
𝜆 𝜆
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Fig. 1. Schematic illustration of the simulation procedure.
𝑓m(𝑥) =
𝑛𝑥𝑛−1 exp

(

−
(

𝑥
𝜆

)𝑛)

𝜆𝑛
[

exp
(

−
(

𝑥min
𝜆

)𝑛)
− exp

(

−
(

𝑥max
𝜆

)𝑛)] (6)

𝐹n (𝑥) =
𝛤
(

𝑛−3
𝑛 ,

(

𝑥min
𝜆

)𝑛)
− 𝛤

(

𝑛−3
𝑛 ,

(

𝑥
𝜆

)𝑛)

𝛤
(

𝑛−3
𝑛 ,

(

𝑥min
𝜆

)𝑛)
− 𝛤

(

𝑛−3
𝑛 ,

(

𝑥max
𝜆

)𝑛) (7)

𝑓n(𝑥) =
𝑛𝑥𝑛−4 exp

(

−
(

𝑥
𝜆

)𝑛)

𝜆𝑛−3
[

𝛤
(

𝑛−3
𝑛 ,

(

𝑥𝑚𝑖𝑛
𝜆

)𝑛)
− 𝛤

(

𝑛−3
𝑛 ,

(

𝑥𝑚𝑎𝑥
𝜆

)𝑛)] (8)

where 𝐹m is the mass-weighted CDF, 𝑓m the mass-weighted PDF, 𝐹n
the number-weighted CDF, and 𝑓n the number-weighted PDF. 𝑛 > 0
is the spread parameter indicating the spread of particle sizes. 𝜆 is
the scale parameter indicating the overall particle size with 𝑥min <
𝜆 < 𝑥max. 2𝐹1

(

3, 𝑛; 1 + 𝑛;
(

𝑥min−𝑥
𝑥min

))

is the hypergeometric function.

𝛤
(

𝑛−3
𝑛 ,

(

𝑥
𝜆

)𝑛)
is the upper incomplete gamma function.

2.2. Generation of particle populations

Acceptance-rejection method (ARM) and inverse transform method
(ITM) are two typical methods to generate populations of particles
following an expected distribution function. In addition, Camalan [21]
has generated a population of particles mass discretization in which the
cumulative distribution values confirm the mass-weighted CDF at the
edges of each size fractions.

ARM [26] is suitable for generation of particle populations that
the number-weighted PDF is known while the number-weighted CDF
is difficult to calculate. Assume that the expected particle population
𝐗 conforms number-weighted PDF 𝑓n(𝑥) and there exists another fre-
quency distribution 𝑔(𝑥) and a constant 𝑐 with 𝑐 ⋅ 𝑔(𝑥) ≥ 𝑓n(𝑥). One can
use the following procedures to generate the expected particle sample:

(1) Generate random number pairs 𝐘 ∼ 𝑔(𝐘).
(2) Generate uniform random number 𝑢 ∈ [0, 1].
(3) If 𝑢 ≤ 𝑓n(𝐘)∕[𝑐𝑔(𝐘)], 𝐘 → 𝐗, or reject 𝐘.
(4) Repeat above procedures until the valid particle number satisfies

the goal.
The selection of 𝑐 is critical to improve the generation efficiency of

particle sample. The efficiency would decrease greatly if 𝑐 is too large.
It should be noted that one can realize the algorithm with a simple and
efficient method in which 𝑔(𝑥) = 1 and 𝑐 = max[𝑓n(𝑥)].

ITM [19,27] is suitable for generating particle samples that the
number-weighted CDF is known and the inverse function can be re-
solved. However, the method has limitations in mathematical expres-
sions of number-based cumulative distribution.

Suppose the expected particle population 𝐗 with a number-weighted
PDF 𝑓n(𝑥) has a continuous and strictly increasing CDF 𝐹n(𝑥). 𝐹n(𝑥) and
𝑓n(𝑥) are related by

𝐹n(𝑥) =
𝑥

𝑓n(𝑥)d𝑥 (9)
∫𝑥min

3 
Denote by 𝐹−1
n (𝑥) the inverse of 𝐹n(𝑥). The expected particle popu-

lation 𝐗 can be generated as follows:
(1) Generate uniformly distributed random number 𝑢 belonging to

[0,1].
(2) Return 𝐗 = 𝐹−1

n (𝑦). That is, an inverse transformation is used
to convert the random number 𝑢 ∈ [0, 1] to a random variate of the
desired distribution.

In this work, the inverse function of the hypergeometric function is
difficult to solve mathematically. The inverse of the upper incomplete
gamma function cannot be computed when 𝑛 < 3. Thus, ARM is utilized
to generate the particle populations.

2.3. Particle sampling

For each distribution function, a large population containing 107

particles is generated. Fig. 2 shows that the number and mass weighted
CDFs of the generated populations are consistent with the theoretical
CDFs calculated from distribution functions for GGS (Eqs. (1) and (3))
and RR (Eqs. (5) and (7)) distributions. Each simulation is repeated for
2×103 times with random sampling from the large population by using
the built-in function 𝑑𝑎𝑡𝑎𝑠𝑎𝑚𝑝𝑙𝑒 in Matlab. The simulated sample size
𝑁 ranges from 103 to 105 and the spread parameter 𝑛 ranges from 1.2
to 6.0. The lower and upper bound of particle size are 𝑥min = 1 and 𝑥max
ranging from 20 to 160 (note that the unit is omitted), respectively. The
scale parameter 𝜆 of the RR distribution is

[

𝑥min + 𝛼(𝑥max − 𝑥min)
]

while
𝛼 ranges from about 20% to 80%. The particle sample is represented
with 𝐱 = {𝑥1, 𝑥2,… , 𝑥𝑁}.

2.4. Error estimation

Relative errors of five commonly used mean diameters, including
mass median diameter 𝐷m50, number median diameter 𝐷n50, mass mean
diameter 𝐷m, number mean diameter 𝐷n, and Sauter mean diameter
𝐷32, are analyzed in this work. It is worth noting that, strictly speaking,
the median diameter should not be confused with the mean particle
diameter. For simplicity, we collectively refer to them as mean diameter
in this work. The statistical definition and physical interpretation of
the mentioned diameters are listed in Table 1. The CDF curve gives
easy access to percentile PSD parameters such as 𝐷n50 or 𝐷m50, rep-
resenting the 50% point in the number or mass weighted cumulative
undersize PSD, respectively [1]. 𝐷n, 𝐷m, and 𝐷32 are defined by the
Moment-Ratio method [28]

𝐷̄p,q =

[
∑

i 𝑛i𝐷
p
i

∑

i 𝑛i𝐷
q
i

]1∕(p−q)

(10)

where p and q have real values and p ≠ q. 𝑛i is the number of particles
in 𝑖th size class. For example, the mass mean diameter 𝐷m is defined
by 𝐷̄3,0 with p = 3 and q = 0.

The superscripts 𝑡ℎ𝑒 and 𝑠𝑖𝑚 represent the theoretical results and
simulated results, respectively. Theoretical results are calculated using
the original number weighted PDF. 𝐷𝑡ℎ𝑒 and 𝐷𝑡ℎ𝑒 can be determined
m50 n50
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Fig. 2. The number and mass weighted CDFs of the generated populations (107) with various spread parameter (symbols) and theoretical CDFs calculated from distribution functions
(solid lines). 𝑥min = 1, 𝑥max = 101, 𝜆 = 50. (a) GGS, (b) RR.
Table 1
Definition of the median and mean diameters.

Diameter Symbol Definition Interpretation

Number median diameter 𝐷n50 𝐹n(𝐷n50) = 50% Fifty percent (by number) of the particles in the sample measured have diameters greater than 𝐷n50.
Mass median diameter 𝐷m50 𝐹m(𝐷m50) = 50% Fifty percent (by mass) of the particles in the sample measured have diameters greater than 𝐷m50.
Number mean diameter 𝐷n 𝐷̄1,0 Arithmetic average diameter of all the particles in the sample.
Mass mean diameter 𝐷m 𝐷̄3,0 Diameter of a spherical particle with a mass equal to the mean mass of all the particles in the sample.
Sauter mean diameter 𝐷32 𝐷̄3,2 Diameter of a spherical particle with the same volume/surface area ratio as the entire ensemble.
through solving the equations that 𝐹m(𝐷𝑡ℎ𝑒
m50) = 50% and 𝐹n(𝐷𝑡ℎ𝑒

n50) = 50%

with the built-in 𝑣𝑝𝑎𝑠𝑜𝑙𝑣𝑒 function in Matlab. Moreover, 𝐷𝑡ℎ𝑒
m , 𝐷𝑡ℎ𝑒

n , and
𝐷𝑡ℎ𝑒

32 are calculated by the following equations (continuous expressions
of Eq. (10))

𝐷𝑡ℎ𝑒
m =

[

∫

𝑥max

𝑥min

𝑥3𝑓n(𝑥) d𝑥
]1∕3

(11)

𝐷𝑡ℎ𝑒
n = ∫

𝑥max

𝑥min

𝑥𝑓n(𝑥) d𝑥 (12)

𝐷𝑡ℎ𝑒
32 =

∫ 𝑥max
𝑥min

𝑥3𝑓n(𝑥) d𝑥

∫ 𝑥max
𝑥min

𝑥2𝑓n(𝑥) d𝑥
(13)

where integrals are calculated with the built-in 𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑙 function in
Matlab.

The spread parameter 𝑛 fundamentally affects the span of the par-
ticle size distribution. This study delineates two types of span ratios
based on mass and number distributions. Additionally, to maintain
consistency with the definition by Masuda [8], the logarithmic span
ratios are defined as follows

𝜎m = ln
(

𝐷m84∕𝐷m50
)

(14)

𝜎n = ln
(

𝐷n84∕𝐷n50
)

(15)

The logarithmic span ratios 𝜎m and 𝜎n of GGS and RR distribution are
shown in Fig. 3. It is demonstrated that 𝜎m decreases as 𝑛 increases,
whereas 𝜎n initially increases and then decreases. It should be noted
that the definition of span ratio is not unique. Other commonly used
forms include (𝐷90 − 𝐷10)∕𝐷50 and 𝐷90∕𝐷10 [1]. The span ratios
derived from these two definitions are also plotted in Fig. 3. As can
be seen, the three span ratios exhibit consistent trends, but there are
differences in their magnitudes. For the span ratios of number weighted
distributions, the values initially increase and then decrease, reaching
a maximum around 𝑛 = 2 to 3. Details of span ratios are introduced in
Appendix A.

The mean diameters in each simulation are calculated with statistic
analysis. The particle size range is divided into a series of intervals
with edges of {𝑥min, 𝐷𝑡ℎ𝑒

m1, 𝐷
𝑡ℎ𝑒
m2,… , 𝐷𝑡ℎ𝑒

m99, 𝑥max} for 𝐷𝑠𝑖𝑚
m50 evaluation and

{𝑥min, 𝐷𝑡ℎ𝑒
n1 , 𝐷

𝑡ℎ𝑒
n2 ,… , 𝐷𝑡ℎ𝑒

n99, 𝑥max} for 𝐷𝑠𝑖𝑚
n50 evaluation. Note that the inter-

val widths are not uniform since the uniform intervals may introduce
4 
greater artificial statistical errors. The particles in the sample are sta-
tistically analyzed to obtain mass and number weighted CDF curves. As
is shown in Fig. 4, 𝐷𝑠𝑖𝑚

m50 and 𝐷𝑠𝑖𝑚
n50 can be determined by interpolation

method. 𝐷𝑠𝑖𝑚
m , 𝐷𝑠𝑖𝑚

n , and 𝐷𝑠𝑖𝑚
32 are calculated by the following definitions

𝐷𝑠𝑖𝑚
m =

[

∑𝑁
𝑖=1 𝑥

3
𝑖

𝑁

]1∕3

(16)

𝐷𝑠𝑖𝑚
n =

∑𝑁
𝑖=1 𝑥𝑖
𝑁

(17)

𝐷𝑠𝑖𝑚
32 =

∑𝑁
𝑖=1 𝑥

3
𝑖

∑𝑁
𝑖=1 𝑥

2
𝑖

(18)

The relative error in a sampling is defined as

𝑒 =
|

|

|

|

𝐷𝑠𝑖𝑚 −𝐷𝑡ℎ𝑒

𝐷𝑡ℎ𝑒

|

|

|

|

(19)

In the repeated sampling, the distributions of the relative errors are
obtained, as is shown in Fig. 5 which is statistical result of 2×103 points
for each mean diameter. The straight line in Fig. 5 represents the 95%
confidence level. The intersection point of the 95% confidence line and
distribution curve determines an error value 𝛿 which is regarded as the
relative error for the specific 𝐹m(𝑥) and mean diameter. Moreover, the
error value 𝛿 means that 95% data should be in the region of relative
error ±𝛿 when the particle number 𝑁 , the function 𝐹m(𝑥), and the mean
diameter type are known.

Reliable error evaluation requires a sufficient number of simula-
tions. The impact of the number of samples on the error evaluation
results is shown in Fig. 6. The results indicate that when the number
of samples is less than 1000, there are significant fluctuations in the
results. When the number of samples exceeds 2000, the results become
relatively stable, although minor fluctuations still exist. Similar results
were observed under different parameters. Therefore, to ensure the
reliability of the results while avoiding excessively slow computation
speeds, this study selects 2000 sampling times.
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Fig. 3. Mass-based and number-based logarithmic span ratios of GGS and RR by different definitions. (a) 𝜎m, (b) 𝜎n.
Fig. 4. Mass weighted and number weighted CDF of a simulated sample case.

Fig. 5. Cumulative probability distributions of 𝑒. The horizontal straight line represents
the 95% confidence level.

3. Simulation results

3.1. Effect of sample size

Figs. 7 and 8 show the relationship between the sample size 𝑁 and
relative error 𝛿 in a logarithmic coordinate for GGS and RR distribution,
respectively. The common logarithms of sample size log𝑁 and relative
error log 𝛿 exhibit obvious linear relationships for the five types of mean
diameters except for 𝐷m50, 𝐷m, and 𝐷32 when 𝑛 = 1.2, as shown in
Figs. 7(a) and 8(a). The fundamental sampling errors calculated by Gy’s
5 
Fig. 6. Effect of sampling times on the estimated errors.

theory in Appendix B also exhibit similar linear relationship, as shown
in Fig. B.1(a).

The linear relationships mean that the relationship between log𝑁
and log 𝛿 can be represented by a linear function which is confirmed in
Section 3.4. Once the expressions for the slope and intercept of the line
are obtained, the mathematical relationship between log𝑁 and log 𝛿
can be determined. Figs. 7 and 8 also imply that the slope of the line
may to be a constant, while the intercept is determined by 𝑛.

3.2. Effect of span ratios

Figs. 9 and 10 show the relationships between the span ratios 𝜎m
and 𝜎n and the relative errors 𝛿. The relative errors of 𝐷m50, 𝐷m, and
𝐷32 increase with 𝜎m, while the relative errors of 𝐷n50 and 𝐷n increases
initially with an increase of 𝜎m and then decreases, similar to the
tendency of 𝜎n in Fig. 3. The relative errors of the five types of mean
diameter are unique for each 𝜎m. However, for 𝜎n, a span ratio may
result in two error values, as illustrated in Figs. 9(b) and (d) and 10(b)
and (d). The results indicate that 𝛿 of 𝐷 and 𝐷 is not related to
n50 n
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Fig. 7. Particle sample size versus relative errors for GGS distribution. 𝑥min = 1 and 𝑥max = 101. (a) 𝑛 = 1.2, (b) 𝑛 = 2.4, (c) 𝑛 = 3.6, and (d) 𝑛 = 6.0.
Fig. 8. Particle sample size versus relative errors for RR distribution. 𝑥min = 1, 𝑥max = 101, and 𝜆 = 50. (a) 𝑛 = 1.2, (b) 𝑛 = 2.4, (c) 𝑛 = 3.6, and (d) 𝑛 = 6.0.
𝜎n strictly. There might be an optimal parameter to characterize the
distribution span, which corresponds uniquely to the error value, but
this parameter is still unclear.

Since 𝜎m and 𝛿 have a functional relationship, meaning a unique 𝛿
corresponds to a given 𝜎m, 𝜎m can be used to represent the intercept of
the aforementioned linear function.

3.3. Effect of boundary sizes

In Appendix A, analysis indicates that for GGS, in addition to
𝑛, the span ratio 𝜎m is also affected by 𝑥max∕𝑥min, whereas for RR,
𝜎m is influenced by both 𝑥max∕𝑥min and 𝜆∕𝑥min. Effects of 𝑥max∕𝑥min
and 𝜆∕𝑥min on the relative errors of the five mean diameters were
investigated numerically. The sample size 𝑁 was set to be 104 and
𝑥 = 1.
min
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Fig. 11(a) shows the variation of relative errors for different 𝑛 as
𝑥max∕𝑥min increases from 20 to 160 for GGS. The results indicate that for
𝐷m50, 𝐷m, and 𝐷32, a larger 𝑛 reduces the impact of 𝑥max∕𝑥min on the
relative errors. When 𝑛 = 3.6 and 𝑛 = 6.0, the errors remain unchanged
as 𝑥max∕𝑥min increases. However, when 𝑛 = 1.2 and 𝑛 = 1.6, this impact
is significant. For 𝐷n50, the influence of 𝑥max∕𝑥min is relatively small,
particularly when 𝑛 is either very small or very large. For 𝐷n, the
impact of 𝑥max∕𝑥min can be neglected only when 𝑛 is relatively large.
Similar results are shown in Fig. 11(b) for RR. Fig. 11(c) shows the
effect of 𝜆∕𝑥min ranging from 20 to 80 on the relative errors for RR.
Overall, 𝜆∕𝑥min does have a significant impact only when 𝑛 is very
small.

The above results illustrate that errors are influenced by multiple
factors, and using span ratio alone may not be sufficient in certain
special cases. There might be a more suitable parameter to characterize
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Fig. 9. Span ratio of distribution function versus relative errors for GGS distribution. 𝑥min = 1 and 𝑥max = 101. (a) 𝜎m with 𝑁 = 103, (b) 𝜎n with 𝑁 = 103, (c) 𝜎m with 𝑁 = 5 × 103,
and (d) 𝜎 with 𝑁 = 5 × 103.
n
Fig. 10. Span ratio of distribution functions versus relative errors for RR distribution. 𝑥min = 1, 𝑥max = 101, and 𝜆 = 50. (a) 𝜎m and 𝑁 = 103, (b) 𝜎n with 𝑁 = 103, (c) 𝜎m with
𝑁 = 5 × 103, and (d) 𝜎n with 𝑁 = 5 × 103.
the particle size distribution, encompassing both the span ratio and the
boundary sizes. However, finding such a parameter could be highly
challenging.

3.4. Empirical equations

Based on the influence of sample size and span ratio on the relative
error, the error can be empirically represented by a linear function,
with the intercept related to the span ratio. Firstly, linear regressions
were performed for log𝑁 and log 𝛿 that log𝑁 = 𝑘 ⋅ log 𝛿+𝑏. Figs. 12 and
13 show the coefficients 𝑘 and 𝑏 and correlation coefficient 𝑅2 of linear
regressions. The results are similar for GGS and RR distribution. The
7 
coefficient 𝑘 is observed to be about −2 for the number-based mean
diameters 𝐷n50 and 𝐷n with 𝑅2 larger than 0.998. Actually, 𝑘 = −2
means that 𝛿 decreases proportionally to 𝑁−0.5 [8,11,20,24]. When
concerning the mass-based mean diameters, it seems that 𝑘 is smaller
than −2 with 𝑅2 smaller slightly than the others at a small 𝑛. Fig. 12(a)
shows that 𝑘 can be regarded as −2 for 𝐷m50, 𝐷m, and 𝐷32 when 𝑛 > 1.6
of GGS distribution. As for RR distribution, 𝑛 > 2.0 facilitates stronger
linear relationships, as shown in Fig. 13(a). Then, linear regressions
were performed again by using log𝑁 = −2 ⋅ log 𝛿 + 𝑏′. In this way, we
obtained new coefficients 𝑏′ as we fix the value of 𝑘 to −2. After that,
we used Curve Fitting Tool of Matlab to fit the relationship between
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Fig. 11. Effect of 𝑥max∕𝑥min and 𝜆∕𝑥min on relative errors. (a) GGS with 𝑥min = 1 and 𝑁 = 104. (b) RR with 𝑥min = 1, 𝜆 = 50 and 𝑁 = 104. (c) RR with 𝑥min = 1, 𝑥max = 101 and
𝑁 = 104.
Fig. 12. Linear regressions for GGS distribution. (a) The coefficient 𝑘, (b) the coefficient 𝑏, (c) the correlation coefficient 𝑅2.
𝑏′ and 𝜎m. The coefficient 𝑏 is decided by 𝑛, indicating that 𝑏 can be
expressed as a function of 𝜎m. Let 𝑏′ = 𝑃

(

𝜎m
)

denote the function.
Thus, an empirical model can be derived according to the simula-

tions to evaluate the relationship between sample size, relative error,
and span ratio at a confidence level of 95%. The empirical formulate is
expressed as

log𝑁 = −2 ⋅ log 𝛿 + 𝑃 (𝜎m) (20)
8 
Through testing and comparison, we found that using a cubic poly-
nomial can accurately describe the functional relationship between 𝑏′

and 𝜎m for 𝐷m50, 𝐷m, 𝐷n, and 𝐷32

𝑃 (𝜎m) = 𝑝1𝜎
3
m + 𝑝2𝜎

2
m + 𝑝3𝜎m + 𝑝4 (21)

For 𝐷n50, a rational polynomial showed a better fitting effect

𝑃 (𝜎m) =
𝑝1𝜎2m + 𝑝2𝜎m + 𝑝3

2
(22)
𝜎m + 𝑞1𝜎m + 𝑞2
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Fig. 13. Linear regressions for RR distribution. (a) The coefficient 𝑘, (b) the coefficient 𝑏, (c) the correlation coefficient 𝑅2.
Table 2
Fit type and coefficients of 𝑃 (𝜎m) for GGS distribution.

Diameter type Fit type Adjusted 𝑅2 Fit coefficients

𝐷m50 Poly3 0.9996 [−65.75, 35.32, 8.322, −1.805]
𝐷n50 Rat22 0.9987 [−0.3541, 0.2342, −0.02097, −0.2705, 0.02528]
𝐷m Poly3 0.9997 [−30.53, 7.857, 12.44, −1.978]
𝐷n Poly3 0.9987 [58.57, −75.36, 29.75, −2.679]
𝐷32 Poly3 0.9995 [−79.52, 46.92, 5.618, −1.84]
Fig. 14. Fitting the function relationship between 𝑏′ and 𝜎m. 𝐷m50 and 𝐷n50 are taken
as two examples and the distribution is GGS.

where 𝑝1, 𝑝2, 𝑝3, 𝑝4, 𝑞1, and 𝑞2 are fitting coefficients. As shown in
Fig. 14, twenty-five points were used to perform curve fitting. All fitting
results are summarized in Tables 2 and 3 for GGS and RR distributions.
The adjusted correlation coefficients 𝑅2 are larger than 0.995 for all of
the polynomial fitting.

It should be emphasized that these empirical formulas are not
universally applicable to all scenarios. According to the simulation
results in Fig. 11, boundary sizes also affect the errors, whereas the
empirical formulas are derived based on 𝑥max∕𝑥min ≈ 100. Therefore,
when 𝑥max∕𝑥min deviates from 100, the applicability needs to be judged
based on the value of 𝑛. Fig. 15 provides the approximate applicable
ranges. When 𝑛 is greater than 3.6, the empirical formulas proposed
in this paper are generally applicable to all mean particle sizes. When
𝑛 is less than 1.6, they are generally applicable to 𝐷n50. For 𝑛 in the
range of 1.2 to 3.6, the formulas are applicable near 𝑥max∕𝑥min = 100.
Moreover, as 𝑛 increases, the applicable range of 𝑥max∕𝑥min expands,
provided a certain accuracy requirement is met. The blank areas are
inapplicable regions where using the empirical formulas may lead to
misleading error assessments.

4. Experimental verification

PSD data of pulverized coal powder whose mass-weighted CDF

is commonly described by RR distribution, is analyzed to verify the
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Fig. 15. Applicable ranges of the empirical equations.

proposed method in this work. Unfortunately, there is no practical data
of GGS distribution. The size data of coal powder were obtained on a
coal-fired power plant by an on-line instrument, Digital Holographic
Particle Analyzer based on holographic imaging. Each measurement
data has been stored locally such that we can easily retrieve the raw
data for extensive analysis. Details of the measurement technique and
instrument can be found in the literature [7]. In online particle size
measurement, an important issue to consider is how many particles
need to be measured to obtain a reliable data point.

Three coal particle populations were utilized for verification. The
first sample contained about 2 × 106 particles while the other two sam-
ples contained about 3 × 106 particles. The raw mass-weighted CDFs of
the coal samples were first fitted based on the doubly-truncated RR dis-
tribution with 𝑓𝑖𝑡𝑛𝑙𝑚 function in Matlab. The distribution parameters
of the coal samples are summarized in Table 4. The spread parameter
𝑛 of the three samples were 1.91, 1.76, and 1.59, respectively. Among
the three samples, Coal 3 had the largest 𝜎m but the smallest 𝜎n. Fig. 16
shows the mass CDFs of the raw experimental data and fitted data. The
raw CDFs match quite well with the fitted curves.

Then artificial populations for each coal samples were generated ac-
cording to the parameters in Table 4. The theoretical errors for the five
types of mean diameters were evaluated with the numerical method
introduced in this study. Meanwhile, the experimental errors of the raw
coal particle populations were also evaluated with the same method,
which represent the uncertainty region in practical measurements.



Q. Jin et al. Measurement 238 (2024) 115291 
Table 3
Fit type and coefficients of 𝑃 (𝜎m) for RR distribution.

Diameter type Fit type Adjusted 𝑅2 Fit coefficients

𝐷m50 Poly3 0.9996 [−17.02, 15.51, 4.652, −1.565]
𝐷n50 Rat22 0.9990 [−0.3894, 0.3697, −0.05594, −0.5386, 0.09024]
𝐷m Poly3 0.9996 [−10.79, 7.594, 6.044, −1.76]
𝐷n Poly3 0.9968 [15.12, −30.98, 19.31, −2.881]
𝐷32 Poly3 0.9994 [−16.57, 14.29, 5.324, −1.854]
Table 4
Distribution parameters of three coal samples. Particle size unit: μm.

Coal Quantity 𝑥min 𝑥max 𝜆 𝑛 𝜎m 𝜎n

1 1,946,812
6 350

97.37 1.91 1.66 2.24
2 3,148,998 74.51 1.76 1.73 2.04
3 3,187,563 93.03 1.59 1.83 1.99

Fig. 16. Mass-weighted CDFs of the three pulverized coal samples measured by holo-
graphic imaging and corresponding distribution curves fitted using doubly-truncated
RR function (Eq. (5)).

Fig. 17 depicts comparison between the theoretical errors and ex-
perimental errors at 95% confidence level for various sample sizes. The
black and red solid lines represent the theoretical and experimental
results, respectively. Each gray dot represents the result of a single
random sampling from a raw coal particle population. It can be ob-
served from Fig. 17 that the experimentally obtained errors are either
smaller than or close to the theoretical error lines for 𝐷m50, 𝐷m, 𝐷n, and
𝐷32. This indicates that the simulation method proposed in this paper
can predict the relationship between relative errors at 95% confidence
level and sample size well for these several mean diameters. However,
for 𝐷n50, the opposite phenomenon, that the experimental errors are
1.5 to 2 times larger than the theoretical errors, occurred. This could
be due to the measurement principle of the imaging method. The
imaging method calculates particle size based on the number of pixels
occupied by particle images, resulting in a series of particle size results
with large intervals in the small particle size region. For example,
for the instrument used in this study, the imaging pixel size is 5.5
μm, resulting in particle size measurements such as 6.21, 8.78, 10.75,
12.41, 13.88, and so on. This makes it difficult to accurately obtain
the number-weighted CDF, leading to an increase in the error of 𝐷n50,
while relatively continuous size values can be produced in simulations.
However, this has a smaller impact on other mean diameters.

5. Conclusions

For GGS and RR, two mass-weighted cumulative distribution func-
tions, a simulation method has been developed to estimate the particle
sample size required for a reliable mean diameter measurement at a
specific confidence level. Five types of mean diameter including mass
median diameter 𝐷 , number median diameter 𝐷 , mass mean
m50 n50
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diameter 𝐷m, number mean diameter 𝐷n, and Sauter diameter 𝐷32,
were studied in this work. Effects of sample size, span ratio, and bound-
ary sizes on the relative errors have been investigated. Moreover, the
proposed method was verified by experimental size data of pulverized
coal powder. The main conclusions are as follows:

(1) A strong linear relationships between the common logarithms
of sample size log𝑁 and relative error log 𝛿 have been observed. It was
also found that the mass-based span ratio 𝜎m may be more appropriate
to establish the error model than the number-based span ratio 𝜎n since
same 𝜎n may lead to different error results. The boundary sizes have
a significant impact on the errors when the distribution parameter 𝑛 is
small, while the influence can be neglected when 𝑛 > 3.6.

(2) An empirical formula log𝑁 = −2⋅log 𝛿+𝑃 (𝜎m) has been proposed
to describe the relationship between the sample size 𝑁 , span ratio 𝜎m,
and relative error 𝛿. The expressions of 𝑃 (𝜎m) were determined by
polynomial fitting. The applicable regions of the empirical equations
were recommended.

(3) The experimental verification showed that the proposed method
can provide reliable prediction on the relative errors of 𝐷m50, 𝐷m, 𝐷n,
and 𝐷32. The relative errors of 𝐷n50 could be overestimated due to the
principle of imaging-base sizing technique.
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Appendix A. Properties of span ratios

Let ℎ(𝑛) denote 𝐷m84∕𝐷m50 as a function of 𝑛 while 𝑥max = 𝑚1𝑥min
and 𝜆 = 𝑚2𝑥min with 1 < 𝑚2 < 𝑚1. For GGS, 𝐷m84∕𝐷m50 can be
expressed as following by solving Eq. (1)

ℎ𝐺𝐺𝑆 (𝑛) =
𝐷m84 =

0.841∕𝑛(𝑚1 − 1) + 1
(A.1)
𝐷m50 0.501∕𝑛(𝑚1 − 1) + 1
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Fig. 17. Comparison between the theoretical errors obtained through simulation and the experimental values. Black solid lines: theoretical errors at 95% confidence level. Red
solid lines: experimental errors at 95% confidence level. Gray dots: error values obtained from each sampling of the experimental particle data.
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Fig. A.1. Number-weighted PDFs of GGS and RR distribution as 𝑛 increases from a small to a large value. (a) and (b) GGS. (c) and (d) RR.
Similarly, for RR, 𝐷m84∕𝐷m50 is expressed as

ℎ𝑅𝑅(𝑛) =
𝐷m84
𝐷m50

=

[

ln
(

0.16𝑒1 + 0.84𝑒2
)

ln
(

0.50𝑒1 + 0.50𝑒2
)

]1∕𝑛

(A.2)

where 𝑒1 = exp
[

−
(

1
𝑚2

)𝑛]

, 𝑒2 = exp
[

−
(

𝑚1
𝑚2

)𝑛]
. ℎ𝐺𝐺𝑆 (𝑛) and ℎ𝑅𝑅(𝑛) are

monotonically decreasing functions. Thus 𝜎m decreases as 𝑛 increases
for GGS and RR, as shown in Fig. 3(a).

However, the mathematical expressions of number-based 𝐷n84∕𝐷n50
cannot be provided since the inverse function of the hypergeometric
function in Eq. (3) and the upper incomplete gamma function in Eq. (7)
are difficult to solve. 𝐷n84 and 𝐷n50 are solved numerically in our code
using the Matlab function 𝑣𝑝𝑎𝑠𝑜𝑙𝑣𝑒.

The reason for the span ratio based on number distribution initially
increasing and then decreasing with 𝑛 can possibly be explained by the
characteristics of number weighted PDFs of GGS and RR distributions.

For GGS, the number-weighted PDF is written as Eq. (4). The
monotonicity of the functions 𝑔(𝑥) =

(

𝑥 − 𝑥min
)𝑛−1 𝑥−3 and 𝑓𝑛(𝑥) is

consistent since the other terms are constants. The derivative of 𝑔(𝑥)
is expressed as

𝑔′(𝑥) =

[

(𝑛 − 4) 𝑥 + 3𝑥min
] (

𝑥 − 𝑥min
)𝑛−2

𝑥4
(A.3)

The monotonicity of the function 𝑓𝑛(𝑥) can be determined by the
sign of 𝑔′(𝑥). When 𝑛 ≥ 4, 𝑓𝑛(𝑥) is monotonically increasing. When
𝑛 < 4, 𝑓𝑛(𝑥) increases in the range

[

𝑥min,
3𝑥min
4−𝑛

]

and decreases in the

range
[

3𝑥min
4−𝑛 , 𝑥max

]

, indicating the presence of a maximum of 𝑓𝑛(𝑥) at
𝑥 = 3𝑥min .
4−𝑛
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For the number-weighted PDF of RR (Eq. (8)), let 𝑔(𝑥) = 𝑥𝑛−4 exp
[

−
(

𝑥
𝜆

)𝑛]
. The derivative of 𝑔(𝑥) is expressed as

𝑔′(𝑥) =
(

𝑛 − 4 − 𝑛
𝜆𝑛

)

𝑥𝑛−5 exp
[

−
(𝑥
𝜆

)𝑛]
(A.4)

Similarly, 𝑓𝑛(𝑥) is monotonically decreasing when 𝑛 ≤ 4. When
𝑛 > 4, 𝑓𝑛(𝑥) increases in the range

[

𝑥min,
𝑛
√

𝑛−4
𝑛 𝜆

]

and decreases in the

range
[

𝑛
√

𝑛−4
𝑛 𝜆, 𝑥max

]

, indicating the presence of a maximum of 𝑓𝑛(𝑥)

at 𝑥 = 𝑛
√

𝑛−4
𝑛 𝜆.

Fig. A.1 shows the number-weighted PDFs of GGS and RR with
various 𝑛 which are consistent with monotonicity analysis. The above
analysis indicates that when 𝑛 is small, the number distribution is con-
centrated in the smaller particle sizes, and when 𝑛 is large, the number
distribution is concentrated in the larger particle sizes. However, when
𝑛 is at an intermediate value, the number distribution is more evenly
spread across the entire range, suggesting a larger 𝜎n. It should be noted
that 𝑛 = 4 serves as the boundary between different monotonicities, but
it does not correspond to the maximum 𝜎n.

Appendix B. Evaluating sampling error with Gy’s theory

Theory of sampling, developed by Pierre Gy [29], holds a pivotal
and influential place in the field of sampling, especially in industries
such as mining, soil science, and agriculture. Gy’s sampling theory in-
troduced a comprehensive mathematical framework to understand and
manage sampling errors. Gy has systematically studied the sampling
of complex particle mixtures and derived an equation that describe the
relationship between the relative variance of the fundamental sampling
error 𝑆2 and the physico-chemical properties of the particles [30].
FSE
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Fig. B.1. Effects of (a) sample size 𝑁 and (b) span ratio 𝜎m on the fundamental
sampling error for GGS and RR distribution based on Gy’s sampling theory. 𝑥min = 1,
𝑥max = 101 and 𝜆 = 50.

The famous Gy’s formula is written as

𝑆2
FSE = 𝑓𝑔𝛽𝑐𝑑3

(

1
𝑀S

− 1
𝑀L

)

(B.1)

where 𝑑 is the characteristic particle size = 95% limit of the size
distribution

(

𝑑 = 𝐷m95
)

. 𝑀S is the sample mass and 𝑀L is the lot mass.
𝑓 is the shape factor describing the deviation from the ideal shape of
a square. For spherical particles 𝑓 = 0.5, which often can be used as
the default value. 𝑔 is the size distribution factor describing the span of
particle sizes in the lot. 𝑔 = 0.25 for wide-size distribution, and 𝑔 = 1 for
uniform particle sizes. 𝛽 is the liberation factor describing the degree of
liberation of the critical component from the matrix. 𝛽 = 1 for totally
liberated particles. 𝑐 is the constitution factor which can be calculated
from the following formula

𝑐 =

(

1 − 𝑎L
𝛼

)2

𝑎L
𝛼

𝜌𝑐 +
(

1 −
𝑎L
𝛼

)

𝜌m (B.2)

where 𝑎L represents the average concentration of the lot. 𝛼 is the
concentration of the analyte in the critical particles. 𝜌𝑐 is the density of
the critical particles. 𝜌𝑚 is the density of the matrix or diluent particles.
In this work, particles are assumed to be spherical and totally liberated.
The densities of the critical particles and the matrix are 1.5 g∕cm3. The
concentration of the lot is assumed to be 0.1 and the concentration of
the analyte in the critical particles is 1. Note that those factors may
require experimental estimation in practical applications.

Simulations were conducted based on Gy’s sampling theory under
consistent conditions using the method proposed in this paper. In each
simulation, the sampling times was set to 2000. Fig. B.1 shows the
effects of sample size 𝑁 and span ratio 𝜎m on 𝑆2

FSE for GGS and RR
distribution. In Fig. B.1(a), logarithms of FSE variance and sample size
exhibit a perfect linear relationship. If straight lines are fitted to the
13 
data, the slopes are found to be 1, which is consistent with the rela-
tionship described in Eq. (B.1). Fig. B.1(b) illustrates the variation of
the FSE variance under different span ratios (i.e., different distribution
modulus 𝑛). The results indicate that the wider the distribution, the
greater the FSE variance, necessitating a larger sample size (in terms of
mass or quantity).
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